Introduction
Throughout this paper, we consider undirected finite graphs without loops or multiple edges. For a graph X, we use V (X), E(X) and Aut(X) to denote its vertex set, edge set, and its full automorphism group, respectively. An s-arc in a graph X is an ordered (s + 1)-tuple (v 0 , v 1 , . . . , v s−1 , v s ) of vertices of X such that v i−1 is adjacent to v i for 1 i s, and v i−1 = v i+1 for 1 i s − 1. A 1-arc is called an arc for short and a 0-arc is a vertex. For a subgroup G Aut(X), X is said to be (G, s)-arc-transitive and (G, s)-regular if G is transitive and regular on the set of s-arcs in X, respectively. (G, s)-arc-transitive is simply called Gsymmetric. A (G, s)-arc-transitive graph is said to be (G, s)-transitive if the graph is not (G, s + 1)-arc-transitive. A graph X is called s-arc-transitive, s-regular and s-transitive if it is (Aut(X), s)-arc-transitive, (Aut(X), s)-regular and (Aut(X), s)-transitive, respectively. In particular, X is said to be vertex-transitive and symmetric if it is (Aut(X), 0)-arc-transitive and (Aut(X), 1)-arc-transitive, respectively.
Let X be a connected (G, s)-transitive graph for some s 1 and let G v be the stabilizer of v ∈ V (X) in G. It is well known that s 7 and s = 6, which is due to several authors. In 1947 Tutte [13] showed that if X is cubic then (G, s)-transitive means (G, s)-regular and 1 s 5. Gardiner in [5] , [6] , [7] obtained that s 7 and s = 6 for valency p + 1 with p an odd prime. Until 1981, Weiss [17] extended this result to general valency, and showed that if s 4 then X has valency p n + 1 with p a prime and n a positive integer.
As we all know a graph is G-symmetric if and only if G is vertex-transitive and G v is transitive on the neighborhood of v. Thus, to investigate G-symmetric graphs, we need the information about the vertex stabilizers of such graphs. Gardiner [5] , [6] , [7] characterized the structure of G v for valency p + 1 with p an odd prime. For valency 5, Weiss [14] , [15] obtained an upper bound of the order |G v |, which is 2 17 · 3 2 · 5.
After that, Weiss [18] conjectured that, for a finite vertex-transitive locally-primitive graph X, the order of the vertex stabilizer is bounded above by some function of the valency of X. Although many results about the vertex stabilizers of arc-transitive graphs have been achieved, this conjecture is still unsettled. For example, Weiss [18] described the structure of G v for s 4. Weiss [16] [11] constructed two families of tetravalent 1-transitive graphs with arbitrarily large vertex stabilizers. In this paper, we determine the structure of G v when X is of valency 6.
Preliminaries
In this section we collect some notation and preliminary results which will be used later in the paper. In view of [20, Proposition 4.4] , we have the following proposition. For a graph X, let G Aut(X) and let S be a subset of V (X). Denote by G (S) the subgroup of G fixing S pointwise. In particular, for u, v, w ∈ V (X), write Proposition 2.2. Let X be a connected symmetric graph and let e = {u, v} ∈ E(X). Suppose that H Aut(X) is transitive on N (v) and K Aut(X) is transitive on N (u). Then the group H, K Aut(X) is transitive on E(X).
Let G be a transitive permutation group on a set Ω and let α ∈ Ω. If the stabilizer G α is transitive on Ω \ {α} then G is called 2-transitive on Ω. The following proposition is about sufficient and necessary conditions for symmetric graphs. Its proof is straightforward and left to the reader. 
For two groups M and N , N ⋊ M stands for a semidirect product of N by M . Let X be a graph with G Aut(X) and {u, v} ∈ E(X). 
Main result
In this section, we give the main result of the paper. Let p be a prime and n a positive integer. We denote by Z n the cyclic group of order n, by Z n p the elementary abelian group of order p n , by D 2n the dihedral group of order 2n, by F n the Frobenius group of order n, and by A n and S n the alternating group and the symmetric group of degree n.
. Then s 4 and one of the following statements holds: (2) and (3). In what follows we may assume that s 3. Denote by G
is a transitive, but not a 2-transitive permutation group of degree 6, which implies that 6 |G N (v) v | and G v is not a {2}-group. Let p be a prime factor of order |G v |. Then there exists an element g of order p in G v . Suppose that p > 5. Then g fixes each vertex in N (v) and g ∈ G * v , that is, for any vertex u ∈ N (v) we have g ∈ G u . Again g fixes each vertex in N (u) because p > 5. By the connectivity of X, g fixes each vertex in V (X) and hence g = 1, a contradiction. Suppose that p = 5. Then if g fixes each vertex in N (u) for any u ∈ V (X) then g = 1, a contradiction. Thus, there exists a vertex w ∈ V (X) such that g has an orbit of length 5 because g has order o(g) = 5. It follows that G w is 2-transitive on X 1 (w), and hence G v is 2-transitive on N (v), contrary to our assumption. Thus, p 3. This implies that G v is a {2, 3}-group and (1) holds.
Let
is a 2-transitive permutation group of degree 6 and hence 5 · 6 |G 
Recall that we assume s 3. Thus, in this case s = 3.
Note that the kernel of the action of G * 
β = x and also this is true for any Assume that
Thus, there exists a 2-element g ∈ G uv such that g induces a 4-cycle on N (v)\ {u}. Since g is a 2-element, g induces the identity, a transposition, two 2-cycles or a 4-cycle on N (u) \ {v}. If g induces the identity on N (u) \ {v} then g ∈ G * u , which is impossible because
, which is impossible because a primitive permutation group of degree 6 containing a transposition must be S 6 (see [ 
, there exists an element g 1 ∈ G uv such that g 1 induces a transposition on N (v). Since G * v = A 5 and G * v acts faithfully on N (u), there exists an element g 2 ∈ G * v such that g 1 g 2 induces the identity or a transposition on N (u) \ {v}. For the former, g 1 g 2 ∈ G * u and g 1 g 2 induces the same transposition as g 1 on N (v), contrary to the fact that G * u = A 5 , acting faithfully on N (v). Set g = g 1 g 2 . Thus, g ∈ G uv induces a transposition on both N (u) and N (v). Furthermore, g 2 ∈ G * uv = 1 and hence g is an involution. It follows that H g = S 6 and G *
Examples
Let X be a connected hexavalent (G, s)-transitive graph and let v ∈ V (X). In this section, we show that each type of G v in Theorem 3.1 can be realized. Let n be a positive integer. Denote by C n , K n and K n,n the cycle of order n, the complete graph of order n and the complete bipartite graph of order 2n, respectively. The first example is a connected hexavalent (G, 1)-transitive graph with G v a {2, 3}-group and the order |G v | having no upper bound. 
Next we give a connected hexavalent (G, 2)-transitive graph with G v isomorphic to A 6 or S 6 . 
